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1. Introduction 
The following two series were evaluated recently 
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(problem 11682 in the American Mathematical Monthly [4]) and the more challenging one 
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where G  is the Catalan constant.  The evaluation of 2  was published in [2]. This series is 
remarkable with its connection to the three important constants , ln 2 , and G . 
In this note we shall evaluate another interesting series  
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Namely, we have the following. 
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Proposition.  The series   converges and its value is 
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involving the three constants , ln 2 , and (3) .  
The above series can be expressed as double integrals. Thus  
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For related results see [3]. 
2. Evaluation of the series 
 Using the representation 
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Then 
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Now set 
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We shall evaluate the inside integral by using series expansion. For | | 1x   we write 
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and so, 
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Remark 1.  At this point it is good to notice that a slight modification of entry (5.5.27) in [5] 
yields 
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and as a result from (1) we have the closed form evaluation 
 
1 2
2
2 2
0
ln(1 ) 1 1
Li Li ( ) (ln 2)
1 2 2 12
xy x
d y x
y
  
     
  
     (2) 
true on the entire unit disk | | 1x  . Integrals of this type have been considered in [1] and in 
Levin’s book [6, A.3.1 (2)], but the form given here is simpler and more appropriate for our 
work. 
Now we can write 
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and we shall evaluate these integrals one by one. Making first the substitution 
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We now use the antiderivative  
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(see [5, (6.27), p.159]) and setting  1/ 2t   we find 
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Next we continue with  
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(3), because it brings to the expressions 2 3ln( 1), Li (2), Li (2)  which need to be defined 
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Expanding 1(1 )t   in power series and using Cauchy’s rule for the product of two power series 
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The evaluation of this series is given in the next section. 
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and after simplifying we come to the desired result 
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Remark 2. As byproducts from (1) and (2) with 1x   we have 
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3. Additional results 
Lemma.  For | | 1, 1t t  , we have 
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Multiplying this by 2 and then dividing by t  we find 
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Adding equations (5) and (6) gives the desired result. 
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We continue now with the evaluation of the series 
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The following evaluation is due to Sitaramachandra Rao [7] 
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which is the value of 2J  needed in section 2. 
References 
[1] Tewodoros Amdeberhan, Victor H. Moll, and Armin Straub, Closed-form evaluation  of 
 integrals appearing in positronium decay, J. Math. Physics, 50, 103528 (2009). 
[2] Khristo N. Boyadzhiev, On a series of Furdui and Qin and some related integrals, 
 (Solution of Problem H-691 (The Fibonacci Quarterly, 50 (1) 2012) with corrections and  details.) 
 arXiv:1203.4618v3 [math.NT] 
[3]  Khristo N. Boyadzhiev, Power series with skew-harmonic numbers, dilogarithms, and double 
 integrals, Tatra Mountain Math. Publications, 56, (2013), 93–108.  
[4] Ovidiu Furdui, Problem 11682, Amer. Math. Monthly, 119 (10) (2012). p.881.   
[5] Eldon R. Hansen, A Table of Series and Products, Prentice Hall, 1975. 
[6] Leonard Lewin, Polylogarithms and associated functions, North Holland, 1981. 
[7] R. Sitaramachandra Rao, A formula of S. Ramanujan, J. Number Theory, 25 (1987), 1-19. 
